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A B S T R A C T   

The sudden failure of roof strata is one of the fiercest dynamic instability events in underground longwall mining. 
To understand the mechanical behaviour of strata, researchers simplified the strata as a beam over an elastic 
foundation. However, some reported models involved a big equation system with unknown constants of inte-
gration. Solving such equations is a complicated mathematical task. As an improvement, this study adopted the 
superposition method to avoid arduous mathematical processes. In addition, the partially yielded coal seam and 
non-uniformly distributed overburden pressure were both considered in the proposed model. A set of case studies 
were carried out to investigate the influence of support scheme and yielded coal seam on strata behaviour. 
Results suggested the partially yielded coal seam is an essential condition to reproduce a reasonable strata 
behaviour. The strata can fail in front of the working face or over goaf controlled by the yield distance and yield 
degree of the coal seam. The bending moment and strain energy density are significantly reduced by increasing 
the yield distance and support capacity rather than yield degree. In addition to the above, results such as the 
deflection, slope, bending moment, shear force and strain energy density of strata and bearing pressure of coal 
seam were presented. This study demonstrated the superposition method is an easy tool to solve the mechanical 
model of overlying strata. By adopting this model, the failure patterns and mechanical state of overlying strata in 
longwall mining can be analytically investigated.   

1. Introduction 

The movement, fracturing and caving processes of roof strata are the 
primary concerns of underground longwall mining.1 Hard roof, usually 
stronger and thicker sandstone, plays a controlling factor in overburden 
strata.2,3 The collapse of a hard roof can cause a strong loading to the 
coal seam as well as its face support. Such a dynamic strong loading is 
one of the contributors to an occurrence of coal burst, and coal- and 
gas-outburst.4 The prerequisite knowledge and learning of dynamic 
loading is understanding the failure mechanism of hard roof strata and 
its control factors. Therefore, it is necessary to have a detailed under-
standing of the mechanical state of the strata. 

For more than a century, numerous models were proposed to explore 
the behaviour of roof strata induced by the mining operation. At the 
earlier stage, European researchers made an enormous contribution that 
laid the foundation for modern mining.5–7 

In the literature, the earliest documented investigations of mining- 
induced strata deformation on mainland Europe, which also proposed 

the first formula to calculate the subsidence, were undertaken in Liège 
coalfield in Belgium, by Dumont8 in 1871. In 1885, Fayol,9 a French 
mine engineer and director, discovered the arching phenomenon (also 
known as dome theory) by adopting a stack of wood beams spanning 
simple support. This research suggested the strata tend to separate upon 
deflection and transfer the gravitational loading to abutments. Fayol’s 
work on dome theory had great influence in the 1890s and for many 
years after.7 In 1928, Jones and Davies10 researched the pillar and stall 
working under a sandstone roof, based on the observation made upon 
the South Wales coalfield. This is a study of the behaviour of the strata 
consequence upon the extraction of coal that covers the seam, floor, roof 
and method of working, which was recognized as the first rigorous 
analysis of roof strata based on arching principles.11 In 1929, Briggs12 

contributed greatly to an overall understanding of mining-induced 
subsidence. His summation of European experience was widely prac-
tised in the US and has been well-reviewed in literature.5,13 Those re-
searches conducted in early Europe laid the foundation for the modern 
understanding of ground movement and initiated theoretical studies of 
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strata control in world coal mining industry practice. 
Since the 1950s, extensively researches were carried out to study the 

mining-induced strata movement by elastic theory. In 1957, King and 
Whetton14 explained the ground movement by adopting the elastic 
theory that provides a fairly close agreement with a physical model 
experiment. Their work probably is the initial attempt to interpret the 
strata movement by elastic analysis. Hackett15 investigated the ground 
displacement over a thin horizontal tabular deposit in the homogenous 
isotropic ground by considering the vertical direct stress around an 
excavation to be linearly increasing with depth and the vertical and 
horizontal direction stresses being equal.16,17 1960–1962, Berry and 
Sales18–20 reported analytical researches that application of classical 
elastic theory to study the strata mechanical behaviour by isotropic 
treatment of the problem. Salamon21–23 conducted a series of work that 
put forward ideas on elastic analysis of displacement and stresses of roof 
strata. He had discussed homogeneous, isotropic and transversely 
isotropic models and proposed the frictionless laminated model and 
multi-membrane model. Whittaker and Breeds13 published a book that 
presented a comprehensive review of mining subsidence. In their study, 
the roof beam maximum tensile stress does not exceed the tensile 
strength of the roof beam is the criterion to assess the roof stability. 
Please et al.24 taken the roof stratum as a clamped beam and examined 
the roof behaviour using a simple strut and beam theory. However, this 
model does not apply to situations where joint dip at less than about 75◦

as the shear failure prevents the generation of an arch.25 Those works 
had been detailed reviewed by Kapp,16 Donnelly,5 Brady and Brown,26 

Kratzsch27 and Peng28 

Voussoir beam as one of the most widely used models for roof beam 
stability assessment is established by Evans29 by using the analogy with 
the voussoir arch considered in masonry structures. Evans’s theory was 
pioneering but had some inherent errors in the static that has been 
modified by Beer and Meek.30 Subsequently, Brady and Brown,26 

Sofianos6 and Diederichs and Kaiser31 had made their contributions to 
the voussoir beam model. Brady and Brown26 gave comprehensive re-
views of the voussoir beam model. In China, two textbooks on strata 
control appeared in the 1980s, namely Qian32 and Song.33 Both books 
give a detailed instruction on the roof beam model and the application in 
coal mine design that greatly contributed to China’s coal industry. The 
latest researches in terms of the voussoir beam model focus on how the 
thickness and shape of the compression arch are determined,34 hori-
zontal loading and its impact on the voussoir structure,35 the rotational 
motions of the voussoir beam structures,36 the formation condition of a 
voussoir beam37 and application of voussoir beam in mining prac-
tice.38,39 Those models contribute to a better understanding of the strata 
behaviour, however, concerning the dynamic disasters prediction and 
control, those models cannot depict the failure and strain energy evo-
lution of strata in a precise way. 

To explore a more accurate analytical model for roof strata, control 
factors such as the elastic foundation and non-uniformly distributed 
ground pressure must be addressed. Jiang and Jiang40 described the roof 
strata as a clamped beam over an elastic foundation which exposed a 
better agreement with field-monitored data than the rigid foundation. 
Pan et al.41,42 derived the expression of beam deflection by solving a 
system of differential equations for statically indeterminate structure. 
Yang et al.43 adopted the cantilever beam over an elastic foundation to 
develop a roof failure analytical model. Zhang et al.44 proposed a 
semi-analytical way that divided the hard roof into finite elements and 
adopted the analytical solution developed by Froio and Rizzi45 to solve 
the mechanical behaviours of a hard roof approximately. The research is 
ongoing by various studies46–49 trying to employ numerous models of 
the beam over elastic foundation to solve the mechanical behaviours of 
roof strata. 

Those researches improved the model’s accuracy significantly, 
however, the limitations of preceding studies in terms of oversimplified 
conditions and complex mathematics solutions are not well addressed. 
Some of these models ignored the partially yielded coal seam in front of 

the working face, roof support and the overburden pressure which are 
the very essential factors to control the strata. From a mathematical 
point of view, for instance, in some studies,41,42 the application of 
boundary, the equilibrium and the continuity conditions lead to an 
extensive system of equations. The solution is composed of general and 
particular solutions with constants of integration as unknowns. As sug-
gested by Dinev,50 the disadvantage of this method is complicated 
mathematics. Moreover, the plastic of the coal seam was represented by 
an artificially defined supporting force, in which, the control parameters 
need to be adjusted manually. 

Due to the above weaknesses, the method of superposition is a more 
promising candidate to avoid these impediments. The method of su-
perposition for beam over elastic foundation was developed over half a 
century ago.51 The superposition method uses solutions of simple 
problems of infinitely long beams with different simple loads to 
construct the solution for the complex beam structure with types of loads 
and supports.50 For the concise mathematical solution of the super-
position method, it is a more general and easy-to-use approach to study 
the strata behaviour in underground mining. 

The contribution of this study to the current knowledge is shown in 
Fig. 1. Researches52–54 suggested the coal burst occurrences are affected 
by the combination of static stress σs and dynamic stress 
σd concentrations. In this study, the bearing pressure of the coal seam 
(static source), as well as the strain energy density of hard strata (dy-
namic source), will be solved analytically. Therefore, the location and 
magnitude of released dynamic energy as well as the distribution of 
static stress can be quantified. 

In this study, control factors, such as non-uniformly distributed 
overburden pressure, roof support and partially yielded coal seam, were 
introduced into the analytical model. The deflection, bending moment, 
slope, shear force, strain energy density, tensile stress, and tensile strain 
of strata can be derived from the proposed method. In addition, the 
bearing pressure over unmined coal seam is also presented. A set of case 
studies were carried out to investigate the potential failure position of 
hard roof strata and its control factors. Further improvement of this 
model is also suggested at the end. 

2. The mechanical model of overlying strata 

2.1. The structure of overlying strata in longwall mining 

The structure of overlying strata is extremely complex, (folds, faults, 
the various strata thickness, lithology, etc). Therefore, the failure char-
acteristic of strata varies from one site to another. To have an overall 
understanding of strata movement, most studies simplify the overlying 
strata to an ideal scenario, one of the most commonly used simplified 
models is shown in Fig. 2.55,56 The span distance of overlying strata 
keeps growing along with the retreat of a coal seam. When strata reach 
the ultimate strength, the first weighting occurs. The idealized caving 

Fig. 1. Proposed method and its application in practice (after Dou et al.53).  
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configuration is denoted by the roof caving line in Fig. 2a. 
According to the plate and shell mechanics theory, the plane strain 

area of overlying strata (brown shaded area in Fig. 2a) at the middle of 
the longwall panel could be regarded as a plane strain mechanical model 
when considering its structure change in the retreat direction. There-
fore, the unit width of hard roof strata, within the plane strain area, can 
be simplified as a beam structure. Before initial weighting, the strata 
beam with various boundaries, foundations and load conditions are 
displayed in Fig. 2b. 

According to foundation conditions, the strata beam was divided into 
4 beam segments, labelled from I to IV. Among which, lg is the half 
distance of goaf, ls is the roof support distance, ly is the distance of 
yielded coal seam. The roof support distance ls refers to the length of the 
residual immediate roof over excavated space that offers support resis-
tance to the hard roof. ls can be equal to or larger than the roof control 
distance. The roof control distance refers to the canopy length and dis-
tance of canopy tip-to-face. For instance, in Fig. 1, ls is the length of 
suspended residual immediate roof that is larger than the roof control 
distance, whereas in Fig. 2, ls is equal to the roof control distance as the 
immediate roof is fully supported by face supports. In practice, ls can be 
measured in the field. In this study, ls is equal to the roof control distance 
under an assumption that the immediate roof is fully caved as shown in 
Fig. 2b. 

To improve the accuracy of this analytical model, the non-uniformly 
distributed overburden pressure and the yielded coal seam were taken 
into consideration. Segment-I is a beam over goaf without foundation 
support, segment-II is a beam over working face supported by face 
support, segment-III is a beam over partially yielded coal seam, and 
segment-IV is a beam over an un-yielded coal seam. In the following 
section, the non-uniformly distributed overburden pressure and the 
mechanical model with corresponding boundary conditions of each 
segment are introduced. 

2.2. Typical non-uniformly distributed overburden pressure 

The non-uniformly distributed overburden pressure is a very 
important factor when investigating rockburst related behaviour. The 
increased overburden pressure rapidly increases with distance into the 
yielded zone in the coal seam, producing peak stress with 4–5 times of 
the overburden stress, meanwhile, a large amount of elastic energy is 
stored in un-yielded surrounding rock mass.57,58 Therefore, it is neces-
sary to have a full consideration of non-uniformly distributed over-
burden pressure in the proposed analytical model. Wilson59 proposed a 
calculation method of the non-uniformly distributed overburden pres-
sure based on the stress balance method in which the total vertical force 
applied over the foundation is equal to that caused by the overburden. A 

Weibull function was suggested to represent non-uniformly distributed 
overburden pressure to derive the equation for beam deflection.41 

In this study, the expression of non-uniformly distributed overburden 
pressure is satisfied with continuous conditions of corresponding in-
tersections of beams. Moreover, as higher-order derivatives are 
involved, the exponential expression of non-uniformly distributed 
overburden pressure is expected to simplify the calculation (the deriv-
ative of ex with respect to x is equal to ex itself, without increase the 
expression complexity). Based on the previous study41 the expression of 
non-uniformly distributed overburden pressure are expressed as 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

qic(x) = qg +
qmaxe

lic

(
− x + ly + lic

)
e

x− ly − lic
lic

(
− lg ≤ x ≤ ly

)

qdc(x) = qc +

(
qmax + qg − qc

)
e

ldc

(
x − ly + ldc

)
e
− x+ly − ldc

ldc
(
ly < x

)
(1)  

where qic(x) is the rising overburden pressure, qdc(x) is the decreased 
overburden pressure, qg is the constant pressure over a goaf area, qc is 
the constant pressure over un-yielded coal seam (in-situ overburden 
pressure), qmax is the control factor of an overburden pressure peak, lic is 
the control factor of the rising overburden pressure, ldc is the control 
factor of the decreased overburden pressure, ly is the distance of yielded 
coal seam, and lg is the half of goaf distance. For field practice, these 
parameters can be estimated or measured by the monitoring of rock 
pressure or using microseismic methods. An example is given in Fig. 3 to 
illustrate the use of Equation (1) in which qg is 0.15 MPa, qc is 8 MPa, 
qmax is 36 MPa, lic is 4, ldc is 6, ly is 10 m, lg is 20 m (parameter value 
adopted from a case study illustrated by Zhang at al.44). 

Fig. 2. Mechanical structure of overlying strata.  

Fig. 3. Non-uniformly distributed overburden pressure.  
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2.3. Mechanical model of beam I-IV 

Understanding the failure of roof strata and its control factors is to 
have the mechanical state of the proposed strata beam structure, which 
include the deflection (y), slope (θ), bending moment (M) and shear 
force (Q). However, as the discontinuity of the strata beam in terms of 
foundation conditions demonstrated in Fig. 2, the mechanical model 
needed to be structured piecewise from beam-I to beam-IV. To simplify 
the mathematical process, the superposition method for a beam over the 
elastic foundation was adopted to solve the equations for beam-IV. The 
mechanical models for strata and corresponding solving strategies are 
illustrated in Fig. 4. 

2.3.1. Finite beam-I: over goaf 
In this study, a typical longwall panel and an ideal overburden 

structure are adopted as the prototype . In this model, the immediate 
roof underneath the hard roof strata caved into pieces along with the 
excavation of a coal seam that cannot offer support resistance to the hard 
roof. Therefore, the support resistance of caved strata is neglected that 
means no foundation for the beam over goaf, the mechanical model is 
shown in Fig. 5. 

As the strata beam over goaf area (not including beam over the face 
powered support) is an approximately symmetric structure, therefore 
the mechanical model of the strata beam can be achieved by half-length 
of it by providing support at x = -lg, which restricts any rotation but 
allows vertical displacement. On the right side of beam-I, the boundary 
condition is represented by shear force Q1 and bending moment M1. 
Based on a basic beam theory, the mechanical state of beam-I can be 
expressed as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yI(x) = −

∫

θI(x)dx + CI1

θI(x) = −

∫
MI(x)dx
− EI

+ CI2

MI(x) = M1 + Q1(x − ls) −

∫ x− ls

0
qic(ls + t)(x − ls − t)dt

QI(x) = −
dMI(x)

dx

(
− lg ≤ x

< − ls
)

(2)  

where CI1 and CI2 are constant of integration, Q1 =
∫ lg

ls qic(x)dx. As the 
domain of Equation (2) is negative, the negative sign should be 
introduced. 

Looking at the boundary restrict at x = -lg, a guided support end with 
0 slopes, the boundary restrict can be expressed asθI( − lg) = 0. By 
substituting θI( − lg) = 0into Equation (2), the integration constant CI2 is 
solved as 

CI2 = θI
(
− lg

)
+

∫
MI

(
− lg

)
dx

− EI
= 0 +

∫
MI

(
− lg

)
dx

− EI
(3) 

By substituting the rising overburden pressure function qic(x), shear 
force Q1 and CI2 into Equation (2), the deflection yI(x), slope θI(x), 
bending moment MI(x) and shear force QI(x) of beam-I can be achieved 
with 2 unknowns, the integration constant CI1 and bending moment M1. 

2.3.2. Finite beam-II: over face powered support 
The mechanical model of beam-II (Fig. 6) and beam-I are similar, 

except for the boundary conditions and the support resistance that act 
against the rising overburden pressure. 

The support resistance qs(x) is directly offered by the residual im-
mediate roof which is supported by the shield supports. If the canopy tip- 
to-end distance lt-f is considered, the qs(x) is a redistribution of shield 
resistance qc(x). A study60 suggested qc(x) can be simplified as a linear 
expression with the minimum qcmin at the canopy tip and the maximum 
qcmax at the canopy rear end. Assumption of the immediate roof over the 
excavated area is disconnected from one over coal seam (stress cannot 
be transferred to the front of working face). The correlation between 
qs(x) and qc(x) is shown in Fig. 7. 

For simplification of expressions, the canopy tip-to-face distance is 
ignored in this study. Thus, qs(x) = qc(x) can be simplified as a linear 
function with minimum value qsmin above working face and maximum 
value qsmax above canopy rear end. 

qs(x) = qsmin +
(qsmax − qsmin)

ls
x ( − ls ≤ x < 0) (4) 

By adding qs(x) as a reaction force of qic(x), the function of beam-II 
can be written as 

Fig. 4. Application of the superposition method to solve the mechanical model 
of strata. 

Fig. 5. Mechanical model of beam-I.  

Fig. 6. Mechanical model of beam-II.  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yII(x) = −

∫

θII(x)dx + CII1

θII(x) = −

∫
MII(x)dx
− EI

+ CII2

MII(x) = M2 + Q2x −
∫ x

0
(qic(t) − qs(t) )(x − t)dt

QII(x) = −
dMII(x)

dx

( − ls ≤ x < 0) (5)  

where CII1 and CII2 are constant of integration, Q2 =
∫ ls

0 qic(x)dx −
∫ lg

0 qic(x)dx. 
By substituting the rising overburden pressure qic(x), the linear 

support resistance qs(x) and shear force Q2 at x = 0 into Equation (5), the 
deflection yII(x), slope θII(x), bending moment MII(x) and shear force 
QII(x) of beam-II can be achieved with 3 unknowns, the integration 
constant CII1, CII2, and bending moment M2. 

Considering the continuity of strata beam-I and beam-II, boundary 
restricts are given as 

⎧
⎨

⎩

yI(lS) = yII(lS)

θI(lS) = θII(lS)

MI(lS) = MII(lS)
(6) 

By substituting Equations (2) and (5) into Equation (6), the inte-
gration constant CII2, CI1 and bending moment M1 can be expressed by 
M2 and CII1, that is, only 2 unknowns for Equation (2) of beam-I and 
Equation (5) of beam-II. 

2.3.3. Finite beam-III: over coal seam 
Since the coal seam was excavated, the overburden pressure around 

the working face rapidly increases and exceeds the compressive strength 
of the coal seam near the working face. The yielded coal seam, near the 
working face, cannot offer full support resistance to overlying strata, the 
behaviour of overlying strata can be significantly influenced by the 
partially yielded coal seam.57 Therefore, it is necessary to take the 

yielded coal seam into account. In this part, a generalized form of an 
infinite beam on an elastic foundation is firstly adopted to develop the 
mechanical model without considering the yielded coal seam. The 
yielded coal seam is introduced in section 3. The comparison of yielded 
and un-yielded coal seam models is carried out in section 4.3. The me-
chanical model of beam-III is shown in Fig. 8. 

Without considering the yielded coal seam, the mechanical model 
illustrated in Fig. 8 can be represented by the general solution of a finite 
beam on an elastic foundation, Equation (7). The general solution was 
developed by A.A.Umansky61 and M.Heteneyi51 as the method of initial 
parameters and the method of end conditioning, respectively.62  

where y0, θ0, M0 and Q0 are the quantities existing at the end x = 0, E and 
I are the plan strain modulus and the area moment of inertia of strata 
beam-III. 

F1(λx) = cosh λx cos λx

F2(λx) =
1
2
(cosh λx sin λx + sinh λx cos λx)

F3(λx) =
1
2

sinh λx sin λx

F4(λx) =
1
4
(cosh λx sin λx − sinh λx cos λx)

where λ is the characteristic of the system 

λ=
̅̅̅̅̅̅̅̅

k
4EI

4

√

where k is the modulus of the coal seam. 
As the continuity of strata beam-II and beam-III, y0, θ0, M0 and Q0 can 

be expressed by substituting x = 0 into Equation (5). Therefore, Equa-
tion (7) of beam-III is derived with 2 unknowns, the integration constant 
CII1 and bending moment M2. 

Semi-infinite beam-IV: over coal seam. 

Fig. 7. Support resistance.  

Fig. 8. Mechanical model of beam-III.  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yIII(x) = y0F1(λx) +
1
λ
θ0F2(λx) −

1
λ2

1
EI

M0F3(λx) −
1

λ3EI
Q0F4(λx) +

1
λ3EI

∫ x

0
qic(t)F4[λ(x − t) ]dt

θIII(x) =
dyIII(x)

dx

MIII(x) = − EI
dθIII(x)

dx

QIII(x) =
dMIII(x)

dx

(
0 ≤ x < ly

)
(7)   
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In terms of the strata beam-IV over the un-yielded coal seam, the 
decreased overburden pressure qdc(x) from the peak at x = ly decreases 
continuously to in-situ overburden pressure qc then extends unlimitedly 
to the +x direction. The mechanical model of beam-IV can be simplified 
as a semi-infinite beam with non-uniformly distributed loading over an 
elastic foundation (Fig. 9). 

For the proposed mechanical model of beam-IV, most studies aim to 
determine the integration constants from the prescribed end-condition 
of the elastic line. The main difficulty in applying the general solution 
to particular problems arises in the determination of the integration 
constants, which involves a considerable amount of work.51 

To avoid the difficulties mentioned above, the method of super-
position63 is adopted for this study, the application of the superposition 
method is illustrated in Fig. 4. According to the method of superposition, 
for a beam over elastic foundation, the solution of beam-IV can be 
separated into 3 particular cases; 1) beam with free end subjected to 
distributed loading qdc(x), 2) beam with end bending moment M3 and 3) 
beam with end shear force Q3. Therefore, the solution of beam-IV can be 
expressed as the sum deflection of the 3 cases 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yIV(x) = yIV DL(x) + yIV BM(x) + yIV SF(x)

θIV(x) =
dyIV(x)

dx

MIV(x) = − EI
dθIV(x)

dx

QIV(x) =
dMIV(x)

dx

(
ly ≤ x

)
(8)  

where yIV_DL(x), yIV_BM(x) and yIV_SF(x) is the deflection of beam-IV 
caused by distributed loading qdc(x), end bending moment M3 and end 
shear force Q3, respectively. 

The calculation of yIV_DL(x), yIV_BM(x) and yIV_SF(x) will be discussed 
in next paragraphs. For the concise form of expression, the following 
symbols are introduced: 

A(x) = e− λx(cos λx + sin λx)
B(x) = e− λx sin λx
C(x) = e− λx(cos λx − sin λx)
D(x) = e− λx cos λx    

1) Beam with free end subjected to distributed loading 
For an infinitely beam with distributed loading q(x) on an elastic 
foundation, Hetényi51 suggested due to the loading q(x), there is a 
bending moment MA and a shear force QA at point A which maintain 
the continuity of beam at point A. Removal of MA and QA will have 
the same significance for the right side of the beam as a removal of 
the whole portion to the left. Therefore, a semi-infinite beam can be 
achieved by applying bending moment Mend and shear force Qend at 
point A to cause a bending moment -MA and shear force -QA (Fig. 10). 

According to the method of superposition for a beam over elastic 
foundation, the solution of semi-infinite beam-IV subjected to distrib-
uted loading is achieved by the sum of 3 parts 

yIV DL(x)= yinf DL(x) + yinf BM(x) + yinf SF(x) (9)  

where yinf_DL(x), yinf_BM(x) and yinf_SF(x) is the deflection of an infinite 
beam subjected to distributed loading qdc(x), end bending moment Mend 
and end shear force Qend. 

Based on the knowledge of infinite beam on elastic foundation,51 the 
solution of yinf_DL(x) is given here directly 

yinf DL(x)=
λ

2k

⎡

⎢
⎣

∫x− ly

0

qdc
(
t+ ly

)
A
(
x − ly − t

)
dt+

∫+∞

x− ly

qdc
(
t+ ly

)
A
(
t − x+ ly

)
dt

⎤

⎥
⎦

(10) 

The solution of yinf_BM(x) is 

yinf BM(x) =
Mendλ2

k
B
(
x − ly

)
(11)  

where the end bending moment Mend = −

2
λ

(
2λMinf DL

(
ly
)
+ Qinf DL

(
ly
) )

. 

The solution of yinf_SF(x) is 

yinf SF(x) =
Qendλ

2k
A
(
x − ly

)
(12)  

where the end shear force Qend = 4
(

λMinf DL
(
ly
)
+ Qinf DL

(
ly
) )

.  

2) Beam subjected to an end-bending moment 

The method illustrated above for the calculation of beam-IV sub-
jected to distributed loading can also be used for deriving an expression 
for beam-IV subjected to end bending moment M3. Here the bending 
moment MA and shear force QA of the infinite beam at point A are MA =

M3 and QA = 0. Therefore, the expression of the corresponding semi- 
infinite beam is 

yIV BM(x)= −
2M3λ2

k
C
(
x − ly

)
(13)    

3) Beam subjected to end shear force 

In the same manner, the formula can be derived for beam-IV sub-
jected to end shear force. Here the bending moment MA and shear force 
QA of the infinite beam at point A is MA = 0 and QA = Q3. Therefore, the 
expression of the corresponding semi-infinite beam is 

Fig. 9. Mechanical model of beam-IV.  Fig. 10. Infinitely beam model.  
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yIV SF(x)=
2Q3λ

k
D
(
x − ly

)
(14) 

Since deflection expressions of beam-IV subjected to distributed 
loading qdc(x), bending moment M3 and shear force Q3 are available. By 
applying the method of superposition, the expressions of beam-IV, 
Equation (8), are achieved with 2 unknowns, the bending moment M3 
and shear force Q3. 

2.4. The solution of the elastic line equation 

The expressions of beam-I, beam-II, beam-III and beam-IV have been 
introduced in the above section. However, there are 4 parameters, the 
integration constant CII1, bending moment M2, bending moment M3 and 
shear force Q3 that remain unknown. To solve these unknown parame-
ters, the continuous boundary conditions at x = ly, the intersection of 
beam-III and beam-IV, are adopted to get the following functions 
⎧
⎪⎪⎨

⎪⎪⎩

yIV(x) = yIII(x)
θIV(x) = θIII(x)
MIV(x) = MIII(x)
QIV(x) = QIII(x)

(15) 

According to the mechanical model and corresponding solving 
method illustrated above, the deflection, slope, bending moment and 
shear force of strata beam over coal seam before first weighting is ach-
ieved by solving Equation (15). 

Overall, solutions for beam-I and beam-II are fundamental material 
mechanics. The solutions for beam-III are the general solution for the 
beam over elastic foundation problem. For beam-IV, the superposition 
method and the corresponding solutions are solved and given as a 
general solution.51 Therefore, by using the superposition method, solv-
ing the mechanical model for overlying strata can be simplified without 
ardours mathematical computation. 

3. Piecewise-defined function for strata over yielded coal seam 

The general solution for strata beam over a coal seam is presented in 
the preceding sections. However, the yielded coal seam has not yet been 
considered in the model. Next, a piecewise-defined function approach is 
introduced to consider the yielded coal seam. The essence of the 
piecewise method is to divide beam-III into subsections and solve each of 
them by repeating the method illustrated in section 2.3.3 (finite beam 
over elastic foundation). Consequently, there is no new mechanical or 
mathematical models need to be introduced into the piecewise-defined 
method. 

The modulus of a coal seam k is defined as the bearing pressure of the 
coal seam against the overloading that will produce a unit deflection of 
the foundation. The yielded state of a coal seam means the seam is losing 
the capacity to support the overloading. To some extent, a damped k 
may represent the yielded behaviour of a coal seam. Consequently, in 
this study, a variable modulus function k(x) is proposed to represent a 

gradually yielded coal seam. As the blue dash line shown in Fig. 11, k(x) 
is a linear function increases from k(x) = k∙kc at x = 0 to k(x) = k at x =
ly, with modulus increment = k (1 - kc) and slope = k (1 - kc)/ly. 

k(x)= k
(

kc +
1 − kc

ly
x
)

(16)  

where kc (0,1) is the residual factor of foundation modulus. kc ranges 
from 0 to 1 controls the modulus at x = 0 and the slope of the linear 
function. When kc = 0, k(x) = 0 at x = 0 that means the coal seam is a 
totally yielded state at working face. When kc = 1, k(x) = k at x = 0 that 
means the coal seam is elastic state without any plastic damage at 
working face. 

However, the function expression of k will pose difficulties in solving 
Equation (7). Thus, a piecewise-defined expression kn(xn) is introduced 
to divide beam-III into n sections and keep modulus as a constant within 
the range of a single section. By substituting n for ly in equation (16), the 
linear function k(x) can be expressed as a piecewise function. 

kn(xn)= k
(

kc +
1 − kc

n
xn

)

(17)  

where n is the number of sections that beam-III divided into, xn is the nth 
section. 

By adopting the piecewise-defined modulus kn(xn), a stepped varying 
modulus of the foundation is proposed to represent the partially yielded 
coal seam (red lines in Fig. 11). 

As shown in Fig. 11, the left boundary subjects to a bending moment 
M2 and a shear force Q2. For the sub-section beam k1, substituting xn = 1 

into Equation (17) we get the modulus is k
(

kc + 1− kc
n

)

. Similarly with 

the finite beam on elastic foundation, the general expression of sub- 
section beam k1 is obtained by using Equation (7) with 2 unknowns, 
the integration constant CII1 and bending moment M2. By applying this 
process from the sub-section beam k1 to kn, the boundary conditions for 
sub-section beams can be transferred from the left side to the right side 
of beam-III, without introducing new unknown parameters. The bending 
moment and shear force of sub-section beam kn to beam-IV are M2.n and 
Q2.n, respectively, which is the M3 and Q3 shown in Fig. 9. When n is 
sufficiently large (usually n ≥ 5), the solved curves would smoothen 
enough to represent beam-III over a linearly yielded coal seam, which 
can be found in the results of the following numerical studies. Another 
application of this piecewise-defined modulus and the proposed 
analytical model is to study the solid backfilling coal mining, which can 
be regarded as an elastic foundation with various foundation 
modulus.64,65 

4. Model validation 

The analytical solution for the whole strata beam has been derived. 
By using the proposed method, a parameter sensitivity analysis can be 
carried out to investigate the control factors for the failure of strata. 
Before applying this method to the numerical study, its validity should 
be verified by peer viewed results. 

4.1. Validation testing 

To verify the validity of the proposed analytical approach, validation 
testing is carried out. The calculated results of bending moment and 
shear force are compared with previous studies to showcase the accu-
racy of the proposed method. The input parameters are listed as “Vali-
dation testing” in Table 1. 

Substituting the above parameters into proposed equations, the 
deflection, slope, bending moment and shear force of the given strata 
beam can be solved, corresponding results are shown in Fig. 12. 

As shown in Fig. 12c and d, the validity of the application of the 
superposition method to solve the analytical model of overlying strata Fig. 11. Piecewise-defined modulus model of the yielded foundation.  
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can be verified by consistent results. The possible tensile failure position 
is predictable by determining the maximum bending moment. In this 
case, the failure position is in front of the working face as its peak 
bending moment and is larger than the one at mid-span. The effect of 
support resistance can be represented by a sudden change in the shear 
force. 

4.2. Strain energy density 

Strain energy is the energy absorbed by the overlying strata during 
the retreat process.67 Strain energy principles are widely used in 
determining the response of rock structures in both static and dynamic 

loads, such as rockburst and coal- and gas-outburst in underground 
longwall mining.54,68 In practice, with the excavation, the strain energy 
will vary throughout the strata. For this reason, it is useful to introduce 
strain energy density, which is a measure of how much energy is stored 
in a small element throughout the strata.69 

For a small element dx, the work is done by a moment M(x) as it 
moves through an angle dθ to outline M(x)dθ/2, where dθ = M(x)dx/EI. 
The strain energy for the small element dx, the strain energy density is 
then 

dU
dx

=
1
2

M(x)dθ =
M2(x)dx

2EI
(18) 

Furthermore, a beam can also store energy due to its shear stress, 
which is usually much less than that due to flexural stresses provided if 
the beam is slender. Therefore, only strain energy density due to bending 
is considered in this study. As the bending moment, M(x) is derived in 
the preceding sections, the strain energy density can be calculated. The 
strain energy density curve with initial conditions of Table 1 is shown in 
Fig. 13. 

From the curve shown in Fig. 13, the energy accumulation area and 
the high-density area can be identified. The strain energy density of 
strata is another critical factor for dynamic disasters, such as rockburst, 
and coal- and gas-outbursts. Therefore, the strain energy density will be 
discussed in the following case studies. 

Table 1 
Model parameters setting.  

Input parameter Validation 
testing 

Case 
study 

Modulus of strata beam E (GPa) 25 31a 

Unit width of strata beam bw (m) 1 1 
Thickness of strata beam bh (m) 6 3.12 
Half span of strata beam lg (m) 20 10.2 
Modulus of coal seam k (GPa) 0.8 2.1 
Residual factor of coal seam modulus kc 1 0.2 
Yielded distance ly (m) 0 8 
Loading over goaf qg (MPa) 0.15 0.3 
Loading over un-yielded coal seam qc (MPa) 8 6.75 
Peak overburden pressure qc (MPa) 9.68 13.5 
Factor of the rising overburden pressure lic (m) 4 3 
Factor of the decreased overburden pressure ldc 

(m) 
8 4 

Roof support distance ls (m) 5 4 
Minimum support density qsmin (MPa) 1 0.3b 

Maximum support density qsmax (MPa) 1.2 0.3b  

a The lithology of strata rock in the case study is the sandstone (listed in 
Table 2), with uniaxial compressive strength 30.6 MPa, Poisson’s ratio 0.24, 
Young’s modulus 31.0 GPa and tensile strength 1.8 MPa. 

b As the support density over the canopy tip and end are not monitored in field 
application, meanwhile, for the easy test the effect of various support distance 
and support density (see Table 4), we assume qsmin = qsmax = 0.3 MPa in the case 
study. A more accurate support resistance expression qs(x) is suggested to 
consider in the future study. 
Source: The validation testing data are from a peer-reviewed study by Pan 
et al.66 The case study data are based on the laboratory test, field survey and 
simplified assumption. 

Fig. 12. Calculation results of strata beam with given initial conditions (a) deflection, (b) slope, (c) bending moment and (d) shear force.  

Fig. 13. Strain energy density of strata with given initial conditions.  
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4.3. Abutment pressure over coal seam 

The abutment pressure refers to the redistribution of stresses around 
excavations. The calculation of abutment pressure has always been the 
most important topic in longwall design. Researches53,70 have shown the 
magnitude and distribution of abutment pressure are closely related to 
the occurrence of dynamic disasters. According to Equation (19), the 
abutment pressure, i.e. the bearing pressure of the coal seam in front of 
the working face can be achieved. 

p= ky (19)  

where k is the modulus of the coal seam, y is the deflection of strata. 
The bearing pressure over the coal seam with the “validation testing” 

parameter setting is shown in Fig. 14. 
In Fig. 14 the coal seam in front of the working face is considered as 

an un-yielded state. According to the deflection curve shown in Fig. 11a 
and Equation (19), the maximum bearing pressure is consequently 
located over the working face. However, such a result is not in accor-
dance with the understanding of the abutment pressure distribution. 
Numerous studies53,70,71 have suggested the peak stress is generally 
located in front of the working face. The counterintuitive bearing 
pressure in Fig. 14 suggests taking the un-yielded coal seam as the 
foundation cannot produce a practical result that is consistent with en-
gineering practice. 

In the following case studies, the partially yielded coal seam will be 
considered. Meanwhile, the abutment pressure results will be presented 
along with the deflection, slope, bending moment, shear force and strain 
energy density. 

5. Case study 

5.1. Introduction to the longwall site 

An underground longwall panel in China (referred to “Longwall A′′

thereafter) had been selected for the case study. Longwall A is 203 m 
wide and 800 m long to mine no.17 coal seam. The thickness of the 
no.17 coal seam ranges from 0.8 to 1.25 m with an average of 1.05 m. 
The overburden depth 450 m. The lithology and mechanical properties 
for the roof strata of Longwall A are presented in Table 2. The main roof 
is the 3.12 m sandstone strata. 

The ZY2600/6.5/16, 2-leg shield supports with 2600 KN maximum 
shield resistance were used for supporting the roof. Specification of shield support is as below: 

Field monitored data suggested the first weighting distance of 
Longwall A is about 20.4 m. The input parameters of Longwall A for the 
proposed analytical model are listed as “Case study” in Table 1. 

For engineering practice, strata control methods in longwall mining 
mainly include the adjustment of roof support scheme, destressing by 
artificially controlling the coal seam and overlying strata. For the pro-
posed analytical model, the destressing can be achieved by adjusting the 
yielded degree kc and yield distance ly of the coal seam. The examination 
of the roof support scheme can be achieved by adjusting the support 
density qsd and support distance ls. To assess the influence of kc, ly, qsd 
and ls, a set of case studies are carried out by the parameter scheme listed 
in Table 3. The range of control parameters may not be practical; 
however, it is acceptable for the parameter sensitivity analysis. 

Based on the initial parameter setting listed in Table 1, the deflec-
tion, slope, bending moment, shear force, strain energy density and 
bearing pressure over coal seam with corresponding tested parameter 
scheme listed in Table 3 are shown in Fig. 15 to Fig. 17. 

Fig. 14. Bearing pressure over coal seam.  

Table 2 
Mechanical properties of roof strata.  

Strata Thickness 
(m) 

Density 
(kg/m3) 

Young’s 
modulus (GPa) 

Tensile 
strength (MPa) 

⋅⋅⋅ 440 1500 – – 
Sandstone 3.12 2480 31.0 1.8 
Mudstone 1.75 2080 6.2 0.8 
Coal seam 0.43 1380 1.2 0.2 
Mudstone 0.90 1500 7.0 0.9 
Mudstone 1.30 2080 6.2 0.8 
Limestone 1.26 2500 32.0 3.0 
No.17 Coal 

seam 
1.05 1380 2.1 0.2 

Source: The data obtained from geological survey and laboratory test. 

Table 3 
Technical data of shield support.  

Type ZY2600/6.5/16 

Close height 650 mm 
Extended height 1600 mm 
Hydraulic leg Double telescopic 
Leg piston diameter 190 mm 
Shield capacity 2600 kN 
Shield density 0.36–0.44 MPa 
Canopy length 3357 mm 
Canopy width 1470 mm 
Canopy ratio 2.86:1  

Table 4 
Tested control parameters.  

Control Parameter Value range 

Residual factor of coal seam modulus kc [0, 0.1, …, 0.9, 1.0] 
Yielded distance ly (m) [6, 7, 8, 9, 10] 
Support capacity (kN) [0, 1200, 

2400, 3600, 4800] 
Support density qsd 

(MPa) 
[0, 0.3, 0.6, 0.9, 1.2] 
× 4m2 

Support distance ls 
(m) 

[0, 2, 4, 6, 8] × 1 m ×
0.6 MPa  
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5.2. Adjustment of coal seam 

5.2.1. Yield degree of coal seam 
The yield degree of the coal seam is achieved by adjusting the re-

sidual factor of coal seam modulus kc. In this case, the tested kc ranges 
from 0 to 1.0 with a 0.1 interval, the calculated results are shown in 
Fig. 15. 

Fig. 15f suggests the bearing pressure over the working face can be 
adjusted by the yield degree of the coal seam. When kc ≤ 0.3, the 
maximum pressure, i.e. abutment peak, transfers from working face to 
the front, which is consistent with the most patterns observed in field 
practice. Therefore, curves of kc = 0.3 were highlighted with a solid line. 
Discussions mainly focus on cases with kc ≤ 0.3. With the yield degree of 
coal seam from kc = 0.3 increases to kc = 0, the abutment peak rises from 
11.9 MPa to 12.8 MPa, its location moves from x = 10.4 m to x = 7.1 m. 
Additionally, the bearing pressure reaches a balanced state with over-
burden pressure when x > 21 m (approximate). This indicates the in-
fluence distance of abutment pressure is about 21 m in front of the 
working face. 

Fig. 15a suggests with the increase of the yield degree of the coal 
seam, the maximum deflection increases from 2.1 cm to 4.8 cm. More-
over, when kc > 0.3, an up warping trend is detected over the yielded 
coal seam. However, for scenarios kc ≤ 0.3, the deflection curves present 
a monotonically decreasing trend thought out the whole strata (end at 

midspan). This phenomenon can be verified by the slope curves shown 
in Fig. 15b. The slope is the first-order derivative of deflection with 
respect to x, the monotonicity of deflection can be interpreted as slope 
>0 when kc ≤ 0.3. 

In Fig. 15c, the maximum bending moment moves from over coal 
seam to over goaf when kc ≤ 0.3. This indicates the tensile failure of 
strata occurs over goaf when kc ≤ 0.3. This is an important change when 
studying the dynamic behaviour of strata as the corresponding energy 
release scenario can be significantly different from failure that occurs 
over coal seam. With the yield of the coal seam, the peak location moves 
from x = 1.5 m to x = 3.9 m. 

Moreover, in Fig. 15d, shear force over goaf area keeps stable 
without any change, meanwhile, presents a decreasing trend with yield 
degree growth from kc = 1.0 to kc = 0.1, then bottom-up at kc = 0. The 
peak location in front of the working face moves from x = 4.6 m to x =
7.5 m. In Fig. 15e, the strain energy density at midspan soars from 1.7 ×
104J/m to 4.6 × 104J/m, whereas the peak over coal seam drops to 2.9 
× 104J/m at kc = 0.4 then increases to 4.3 × 104J/m. As the functional 
relation between bending moment and strain energy density is illus-
trated in Equation (18), the change of peak location of strain energy 
density is identical with the one of bending moment. 

5.2.2. Yield distance of coal seam 
In this section, the tested yield distance ly ranges from 6 m to 10 m 

Fig. 15. Mechanical state of strata with various yield degrees of coal seam (a) deflection, (b) slope, (c) bending moment, (d) shear force, (e) strain energy density and 
(f) bearing pressure over coal seam. 

S. Ji et al.                                                                                                                                                                                                                                        



International Journal of Rock Mechanics and Mining Sciences 146 (2021) 104874

11

with 1 m interval. The calculated results are shown in Fig. 16. 
In Fig. 16f, with the yield distance increases from 6 m to 10 m, the 

pressure at the working face decreases steeply from 11.6 MPa to 5.4 
MPa. The abutment peak drops from 15.6 MPa to 12.0 MPa then in-
creases to 12.3 MPa. The peak location moves from x = 3.5 m to x =
11.7 m. Moreover, for cases of ly ≥ 7 m, all the abutment peaks are less 
than the peak overburden pressure 13.5 MPa. This suggests both the 
magnitude and the distribution of abutment can be significantly 
adjusted by controlling the yield distance of the coal seam. 

Fig. 16a presents a counterintuitive trend that the deflection reduces 
from 5.4 cm to 2.3 cm while the yield distance increase from 6 m to 10 
m. This phenomenon is caused by the distribution change of overburden 
pressure. As illustrated in section 2.2, the yield distance controls the 
peak of non-uniformly distributed overburden pressure. As the yield 
distance increases from 6 m to 10 m, the overburden pressure peak as 
well as the rising part (see qic(x) in Fig. 3) move forward. As a result, the 
total pressure applied over the goaf area is reduced, thus, the deflection 
is reduced as well. 

Fig. 16a–e suggest the deformation, bending moment, shear force 
and strain energy density of strata can be significantly reduced by 
increasing the yield distance of the coal seam. For instance, the 
maximum strain energy density both over midspan and over coal seam 
reduces from about 8 × 104J/m to around 1.5 × 104J/m. Moreover, the 
maximum bending moment transfers from over goaf to over coal seam 
when ly ≥ 9 m. As we stated in the last section, this means the failure 

scenario could be very different and should be noticed when dynamic 
behaviour is considered. 

5.3. Adjustment of roof support 

The adjustment of the face support scheme mainly refers to the 
modification of support capacity, which includes two aspects: the sup-
port density and the support distance. In this section, the tested support 
capacity ranges from 0 to 4800 kN with a 1200 kN interval. Two 
schemes were designed to achieve the given support capacity: 1) 4 m 
support distance with support density increases from 0 to 1.2 MPa with 
0.3 MPa interval, and 2) 0.6 MPa support density with support distance 
increases from 0 to 8 m with 2 m interval (Table 3). 

The calculated results are shown in Fig. 17, in which Fig. 17(a1-a4) 
and Fig. 17(b1-b4) refers to the adjustment of support density and 
support distance, respectively. As strata deformation can be directly 
visualized by the deflection rather than the slope, therefore the slope 
results will not be presented here. Meanwhile, as the functional relation 
of Equation (18), the curve trend and peak location of bending moment 
can be demonstrated in strain energy density results, thus the bending 
moment results will not be presented as well. 

In Fig. 17(a2) and (b2), the face support effect can be clearly 
observed. The shear force within the roof support range can be effec-
tively reduced by both increase support density and distance. However, 
the shear force in front of the working face is barely influenced by 

Fig. 16. Mechanical state of strata with various yield distances of coal seam (a) deflection, (b) slope, (c) bending moment, (d) shear force, (e) strain energy density 
and (f) bearing pressure over coal seam. 
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adjusting the support capacity. Both Fig. 17(a1) and (b1) suggest the 
deflection can be reduced by increasing support capacity. Furthermore, 
an increase of support distance reduces the deflection from 3.8 cm to 2.7 
cm which is slightly better than adjustment of support density. As 
illustrated in Fig. 17(b3), an increase of support distance presents a 
similar control effect that reducing about 57% strain energy density both 
over goaf and in front of the working face. However, in Fig. 17(a3), an 
increase of support density presents a different control effect that re-
duces about 46% in front of working face and 35% over goaf. The 
bearing pressure in Fig. 17(a4) and (b4) decline similarly at the working 
face. The abutment peak shows an insignificant rising trend in front 
working face without obvious location change. 

In practice, the adjustable support distance is limited, the canopy 
length of face support mainly ranges 4~6 m, the maximum support 
density is about 1.8 MPa.72 The results may offer an approach to 
investigate strata control for (intermittent) cut-and-fill mining. 

Fig. 17. Mechanical state of strata with various support density (ai) and support distance (bi). i = 1–4 refers to the (1) deflection, (2) shear force, (3) strain energy 
density and (4) bearing pressure over coal seam. 

Fig. 18. Monitored props load and calculated bearing pressure.  
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6. Results and discussions 

6.1. Calculated bearing pressure and field monitored results 

The bearing pressure over the coal seam is a crucial reference when 
conducting a risk assessment for a longwall panel. Studies38,52–54 have 
suggested bearing pressure as a static loading is the main contributor in 
a dynamic disaster. In practice, yielding is designated to control the 
majority of the overburden and abutment pressure transfer to the front 
of the working face. In this study, yielding refers to the increase in the 
yield distance and the yield degree. Among which increase yield dis-
tance effectively transfers the abutment peak away from the working 
face and reduces its magnitude, whereas increase the yield degree only 
reduces the bearing pressure within a small range from the working face. 
Adjustment of the support scheme shows a very limited control effect. 

With regards to the ground pressure monitoring, borehole stress re-
lief techniques, bore-hole pressure cells, bolt load cells, prop load cells, 
support leg pressure monitoring et al. have been extensively applied in 
field practice.25,73 For Longwall A, single hydraulic props were set in the 
tailgate and headgate within about 20 m range in front of the working 
face with about 2 m interval. The loads of single hydraulic props in the 
head gate were monitored (red curve in Fig. 18). The monitored prop 
load presents a similar variation trend with the bearing pressure of 6 m 
yield distance case (blue curve in Figs. 18 and 16f). To compare the 
monitored and analytical data in a clear way, the measured props load is 
scaled to the maximum value of the analytical result (red dashed line in 
Fig. 18). The reason for the scaling of the monitored data is twofold. 
First, the props load is a behaviour of ground pressure redistribution 
rather than a direct measurement of ground pressure. Second, the 
monitored data could vary from monitoring equipment, installation 
methods and data interpretation methods. In practice, the yielded roof 
or floor, the setting distance of props, the inclination of props (load can 
be generated by axial strain or bending strain or a combination of both) 
and other factors could influence the monitored data. Thus, a practical 
way is to study the trend variation and stress increment that is correlated 
with the variation of coal seam bearing pressure. Scaling of the moni-
tored props load is a way to highlight the correlation with the analytical 
result. 

A similar trend of analytical and monitored results showcase the 
availability of the proposed method. On the other hand, it offers a 
possibility to estimate the yield degree and yield distance of coal seam 
by fitting the monitored stress distribution to an analytical case. In 
future study, borehole pressure cells monitoring is suggested to measure 
the vertical stress in front of the working face. Comparing with moni-
toring of prop load, borehole pressure cells monitor the vertical pressure 
in the coal seam directly which may reveal more strata behaviour when 
combined with the proposed analytical model. 

6.2. The failure of strata 

In most reported studies,41,44,74,75 tensile failure is recognized as the 
main factor that controls the roof strata behaviour. According to the 
flexure formula,76 the maximum tensile stress σmax can be derived from 
the bending moment results. 

σmax =
Mmaxc

I
(20)  

where Mmax is the maximum bending moment, determined from the 
method proposed in section 2, I is the moment of inertia of the beam’s 
cross-section, c is the distance from the neutral axis to the outermost 
point of the cross-section. 

Based on the maximum tensile stress σmax and the common statement 
of Hooke’s law for isotropic elasticity,77 the maximum tensile strain ε1 
can be derived.  

ε1 = [σ1 − ν(σ2 + σ3)]/E (21)  

where σ1 is the maximum tensile stress determined by Equation (20), σ2 
is ν(σ1+σ3), σ3 is the overloading -qdc(x) or -qic(x), v is Poisson’s ratio. 

According to Equations (20) and (21), both the maximum tensile 
stress and the maximum tensile strain have a linear functional rela-
tionship with a maximum bending moment. Consequently, the failure 
behaviour of strata can be interpreted by the magnitude and the position 
of a maximum bending moment. 

The dynamic loading in a coal burst mainly refers to the sudden 
release of elastic strain energy stored in the strata. Equation (18) sug-
gests the trend variation of strain energy density is correlated with the 
bending moment. Therefore, the magnitude and distribution of strain 
energy density are discussed in a similar manner to the bending 
moment.  

4) The magnitude of bending moment and strain energy density 

For controlling the magnitude of maximum bending moment, both 
adjustments of the support capacity and the yield distance of coal seam 
are viable approaches. Among which increase yield distance is the most 
practical and effective way to reduce the magnitude of bending moment 
as well as the strain energy density. For instance, yield distance increases 
from 5 m to 7 m, only 2 m difference, the maximum bending moment 
reduces over 50%, meanwhile, the maximum strain energy density re-
duces from 8 × 104J/m to 3 × 104J/m. 

On the other hand, controlling of coal seam yield degree is very 
different, it is a non-monotonic relationship between the weakness de-
gree of the coal seam and the magnitude of the maximum bending 
moment. With yielding, the maximum bending moment barely declined 
at first but increases rapidly over the unyielded level when reaching a 
very high yield degree. 

In terms of the increase of coal seam yield distance, which is termed 
as the destressing or pre-conditioning in the mining industry, it has been 
applied in practice since the mid-20th century to limit the incidence and 
severity of rockburst around longwall face.26,78 The widely used 
de-stressing techniques mainly refers to destress drilling, destress 
blasting and water infusion.79–82 The latest researches attempted to 
achieve the de-stressing by microwave-induced fracturing apparatus,83 

coal face undercutting84 and hybrid method.85 It is hoped that this 
research will offer a new approach to evaluate the destress strategy and 
contribute to a deeper understanding of destress mechanism.  

5) The location of the maximum bending moment 

There are two bending moment peaks within the strata, one is 
located over the coal seam, another is over the goaf area. For most 
scenarios, the maximum is the peak in front of the working face. For the 
distribution of strain energy density, it is concentratedly distributed at 
the middle of the goaf area and in front of the working face over the 
yielded coal seam. 

Concerning the location of bending moment peak in front of working 
face, only yielding of coal seam presents an obvious control effect, 
whereas adjustment of the support scheme and yield distance cannot 
change the location effectively. With yielding, the position of peak 
bending moment over coal seam keeps moving forward constantly. 

An exceptional result is the peak bending moment over the goaf area 
turned to be the maximum one when the coal seam reaches kc ≤ 0.3 or ly 
≤ 8 m. The phenomenon suggests both increase yield degree and reduces 
yield distance control the possible failure location of strata. Such a 
transfer of the maximum bending moment indicates the failure of the 
strata beam will occur over the goaf area firstly. As a result, the corre-
sponding strain energy release scenario can be very different from the 
one failure in front of the working face. 
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6.3. Limitation of the proposed model 

In the preceding sections, the proposed analytical method has been 
verified by comparing it to previous peer-reviewed studies. After that, 
the proposed method was adopted to investigate the control factors for 
the failure behaviour of overlying strata. As an improvement to previous 
studies, the yielded coal seam in front of the working face has been 
introduced into this method as an input parameter. The numerical case 
study also suggests there is a significant impact of the yielded coal seam 
on the mechanical behaviour of roof strata. However, in practice, the 
application of longwall mining is an extremely complex problem, some 
very key factors haven’t yet been considered in the proposed analytical 
model. For instance, the retreat process and the plastic damage of strata. 
This is due to be considered in future work. 

The proposed method is a static model that cannot take time-related 
factors into account. Numerous studies86–88 have suggested the whole 
failure process of roof strata is a dynamic process that mainly refers to 
the crack initiation and propagation. In the future study, it is meaningful 
to explore the potential use of a time-related model, such as subcritical 
crack growth,89,90 to realize the rock fracturing processes in the pro-
posed model. 

The numerical case studies carried out in section 4.3 are using a 
constant span distance to examine the mechanical behaviour of strata. In 
practice, the coal seam retreats at a certain speed, contributing to the 
span distance and its dynamic growth parameter. Therefore, the damage 
of strata is a dynamic process and as well as historical damage of rock 
should be considered when strata behaviour is evaluated under a given 
span distance. 

From the view of energy evolution, there are three stages, strain 
energy accumulation, static dissipation and dynamic release.52 By the 
proposed method, the strain energy accumulation can be calculated 
from the distribution of strain energy density. If above mentioned 
time-related behaviour can be added to the proposed model, then the 
full process of energy evolution is participated be achieved 
quantificationally. 

7. Conclusion 

The superposition method is adopted to solve the analytical model of 
hard roof strata before the first weighting in underground longwall 
mining. By using the proposed model, a considerable amount of math-
ematical work is averted, the partially yielded coal seam is achieved. 
The yielded coal seam is considered from yield degree and yield dis-
tance. A set of case studies were carried out to discuss roof control 
factors from the perspective of strata deflection, bending moment, strain 
energy density and coal seam bearing pressure. The following conclu-
sions can be drawn.  

1) For the tensile-dominated strata failure, the maximum bending 
moment is adopted to analyse the potential failure location. In most 
scenarios, the maximum bending moment locates in front of the 
working face. The location can be adjusted by both the yield degree 
and yield distance of the coal seam, whereas not sensitive to the face 
supports.  

2) The strain energy density of strata can be significantly reduced by 
both increasing support capacity and increasing yield distance, 
rather than yield degree. With increasing yield degree, the strain 
energy density presents an unnoticeable decline trend at first, then 
increases rapidly to the highest level.  

3) The distribution of bearing pressure over coal seam is greatly 
affected by both yield degree and yield distance of coal seam, 
whereas barely affected by roof support. A relatively high yield de-
gree is essential to produce a rational bearing pressure distribution 
that conforms to the field measured pattern. 

The superposition method offers a concise way to solve the analytical 

model of overlying strata. Based on this analytical model and the cor-
responding solving method, more factors, such as the damage of strata, 
the retreat scheme and geologic structures, are expected to be achieved 
in the future study. 
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